We consider the application of a new analytic method based on homotopy analysis to the solution of the steady flow of a viscous incompressible fluid past a fixed circular cylinder. The solutions obtained using this method produce some interesting results. For instance, an analytic verification of the critical Reynolds number R d for which a standing vortex first appears behind the cylinder is given for the first time and found to be R d 2.4. Since these values of the critical Reynolds number are beyond the range of validity of Oseen theory, no analytic verification of this value had previously been given. As a check on the accuracy of the solutions, the calculated drag coefficients at 6th-order approximation are found to agree reasonably well with experimental measurements for R d 30 which is considerably larger than the R d 1 results currently available using other analytic techniques. This buttresses the usefulness of the homotopy analysis method HAM as an important tool in solving highly nonlinear problems.
Introduction
The viscous incompressible flow past a circular cylinder is a canonical problem which has many practical application areas. It forms a basis for the understanding of bluff body flow which is of significant interest to the research community. The application of a new analytic technique to the cylinder problem is appropriate for the following reasons. First, it forms a benchmark for the application of new mathematical methods. Also various estimates exists in the literature for the critical value of R d for which a standing vortex pair first appears behind the cylinder. Since these values of the Reynolds number lie beyond the range of validity of Oseen theory, obtaining a new method valid for a much higher Reynolds number could aid in providing theoretical confirmations of the actual critical value. Finally, many numerical techniques have been successfully applied in finding approximate solutions to this problem 1 however its full understanding still remains the subject of analytical research. Different analytic studies have been carried out for this problem. These include the far field expansion of the Oseen equations by Filon as well as Shankar 2 , the series truncation method of Mandujano and Peralta-Fabi 3 , perturbation techniques 4 , the Adomians decomposition method 5 , the δ-expansion method 6 , and Lyapunov artificial small parameter method 7 . All these approaches produce results which are in agreement with the results of Lamb 8 . Due to the singular nature of the problem, however, no solutions to the general equations have yet been found as regular perturbation techniques becomes singular even for R d 1. A relatively new analytic approach based on the homotopy analysis method is proposed to solve this problem. Different from perturbation techniques, the homotopy analysis method does not depend upon any small or large parameters and thus is valid for most nonlinear problems in science and engineering. Besides, it logically embraces other nonperturbation techniques such as Lyapunov small parameter method, the δ-expansion method, and Adomians decomposition method. In this paper, we explore the flexibility of the method and choose our boundary conditions in the deformation process appropriately in order that Stokes paradox can be circumvented; this enables us to obtain results which are valid for Reynolds numbers that lie beyond the range of validity of Oseen theory. The governing Navier-Stokes equations expressed in terms of a stream function are first reduced to an infinite set of fourth-order linear partial differential equations using homotopy analysis 9-23 . The equations are then transformed into a set of linear ordinary differential equations in the radial variable by expanding the flow variables as an infinite series of an elementary transcendental function. This is solved in closed form using the method of variation of parameters. As a check on the accuracy of the solutions obtained, the drag coefficients at 6th-order approximation are calculated. The calculated drag coefficients are found to agree reasonably well with published experimental as well as numerical results for Reynolds number as high as 30. Furthermore, for higher Reynolds number, the theoretical estimate of the pressure drag tends to become constant while the frictional drag decreases proportionately to the square root of the Reynolds number. Also with regard to the detailed flow patterns our calculations show that for Reynolds number R d below 2.4, a nonseparated flow takes place past the cylinder; this critical value at which the standing vortex pair first appears behind the cylinder is consistent with existing experimental results.
Theoretical Framework
Suppose we wish to solve a system of nonlinear partial differential equations given by ∇ψ 0 2.1 subject to the boundary conditions
for some a, b ∈ R and ψ ∈ R n . Define a homotopy or embedding given by
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where ϕ x is a solution to the linear problem
which can be easily calculated and therefore acts as our starting point or initial guess. Ψ is assumed to be smooth and acts on the solution space by continuously deforming ϕ the starting solution into ψ the final solution through an embedding or homotopy given by
Basically one attempts to trace an implicitly defined curve c s in the parametric set of this homotopy map from ϕ to a solution point ψ. In other to ensure that this curve intersects the homotopy level, λ 1 at finite points, it is sufficient to impose suitable boundary conditions which essentially prevent the curve from running to infinity before intersecting the homotopy level λ 1 or from returning to the initial point. One imposes on Ψ the conditions
where ϕ a ϕ a and ϕ b ϕ b . In view of 2.6 , 2.7 there exists a family of partial differential operators Δ x, λ with
defined by the embedding
Thus the corresponding homotopy equation is
or by using 2.6
Equation 2.11 is referred to as the zeroth-order deformation equation. Equation 2.6 defines an implicit relationship between ϕ and ψ. In order to make this relationship explicit we assume that the functions Ψ x, λ are smooth enough about λ 0 and expand in a Taylor series about λ 0 in the interval 0, 1 . Thus we write 
2.15
Assuming the above Taylor series is convergent at λ 1, we have
The defining equations for ψ m can be obtained by differentiating the zeroth-order deformation equations m times with respect to λ then setting λ 0 and finally dividing by m!. At the boundary points we have
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Problem Definition
For steady two-dimensional flow past a circular cylinder, the governing Navier Stokes equations can be written in terms of the stream function ψ r, θ and in dimensionless form as
where Ree aU ∞ /ν is the Reynolds number, a the radius of the cylinder, U ∞ the uniform stream velocity at infinity, and ν the kinematic viscosity. All variables in the above equations are nondimensional. The boundary conditions are given by the no slip condition on the surface of the cylinder
and the uniform stream condition at infinity
3.3
In order to obtain an analytic drag formula, the nonlinear partial differential equations 3.1 to 3.3 are mapped into a set of linear subsystem by means of the homotopy technique; these are then solved in closed form using the method of variation of parameters with the aid of the symbolic computation software MATHCAD. Under Stokes approximation, 3.1 reduces to the biharmonic equation
Both Stokes and Lamb have pointed out that if the attempt is made to find the steady motion produced by the translation of a cylinder with constant velocity through a liquid of infinite extent on the basis of 3.4 , it is impossible to satisfy all the conditions 3.2 and 3.3 . It seems that no steady "creeping flow" of a viscous fluid past an infinite cylinder is possible 19 . 
Method of Solution
Defining a nonlinear Navier Stokes operator Δ as
and an arbitrary linear operator Δ 0 to be
Then by using 4.1 and 4.2 in 2.11 , the zeroth-order deformation equations can be written as
where r ≥ 1, λ ∈ 0, 1 , −π ≤ θ ≤ π, and < 0. is an auxiliary parameter often used in HAM to accelerate convergence of the series solutions. In this paper we will simply set −1 and use the so-called homotopy-Padé technique to get better approximations for our solutions. The associated boundary conditions are given by
4.4
Differentiating the resulting zeroth order deformation equations m times with respect to λ then setting λ 0 and finally dividing by m!, we obtain the mth-order deformation equations given as
with the boundary conditions 
4.22
Note that when n 1 the solutions for arbitrary n given by 4.19 are not linearly independent. A linearly independent solution to 4.18 for n 1 is given as 
4.25
The initial guess, which is a stokes approximant, does not satisfy the boundary conditions at infinity but contains an unknown coefficient C. The value of C is determined by enforcing the higher-order approximations together with the initial guess to satisfy the boundary condition at infinity. Hence, we solve the set of differential equations 4.15 one after the other, subject to the following boundary conditions: so that C is chosen in order to make 4.27 satisfied. The series 4.14 hence 4.27 must be truncated at some fixed value p. As p is increased it is expected that the solutions converge to the solutions of the original equations 3.1 . This has not been proven yet.
Clearly the complexity of the differential equations increases rapidly with p as such the number of terms we can compute becomes restricted by the ability of the computational software to handle the long terms. 
Analytic Drag Formula
The force on the cylinder's surface is calculated using 
5.3
Making the substitutions we have our 4th-order drag formula to be where γ m,p is a coefficient. Setting λ 1 in the above series and using 4.11 we obtain
5.10
Note that in the homotopy-Padé method, one first analyzes the power series in the embedding parameter λ and then sets λ 1. This is the distinction between the traditional Padé approximant and the homotopy-Padé ones. Figure 1 shows a comparison of our 4th-and 6th-order HAM drag formula with previous theoretical 24, 25 as well as experimental 26 results. We observe that our 6th order drag formula agrees well with experimental results in the region R d 30 where R d 2R e which is much higher than the R d 1 range of previous analytic results 3 . We also observe from Figure 1 that the higher the order of approximation, the better the agreement between our drag formula and experimental data. Thus our drag formula seems to be valid in a larger region of Reynolds number as the number of approximations increases. As noted in 15 , this kind of tendency of convergence is very important, especially when a rigorous mathematical proof of convergence cannot be provided. Also we observe from Figure 1 that the 3, 3 homotopy-Padé approximate increases further the accuracy of our solutions and can give a remarkably good representation of the function up to R d ≈ 100 if we could get high enough approximations greater than 6th order. With regards to the detailed flow pattern, we consider the question of the formation of the standing eddie. The equation of the separated streamlines is given by Ψ 0, and the angular coordinate of the point of separation is found by setting r 1 in 4.14 for Ψ. Phenomenologically, the flow presents different regimes depending on the value of the Reynolds number. As the Reynolds number is increased from some initial small value, the lack of fore-and-aft symmetry slowly becomes apparent until a recirculating region develops on the wake, and attached to the cylinder. As R e is increased, a stage is reached at which the separation starts to occur, the angle of separation at which it first occurs will be given by cos θ 1, in which case the fluid starts to separate from the rear generator of the cylinder. The critical value of R e will then be that value which makes Owing to the limitations of computer storage space it was found necessary to restrict the number of terms in the series to n 5 and m 6. Our calculations show that for Reynolds number R d below 2.4, a nonseparated flow takes place past the cylinder, this critical value at which the standing vortex pair first appears behind the cylinder is consistent with existing experimental results. Also Figure 2 suggests that as the Reynolds number increases the pressure drag becomes constant while the frictional drag tends to zero. This behaviour of the drag coefficients is also consistent with experimental observations.
Results and Discussion

